Three-dimensional periodic structures have many applications in acoustics and their properties are strongly related to structural details. Here we demonstrate through simulations the ability to tune the phononic band gaps of 3D periodic elastomeric structures using deformation. The elastomeric nature of the material makes the transformation of the band gaps a reversible and repeatable process, providing avenues for the design of tunable 3D phononic crystals such as sonic switches.
Introduction
Three-dimensional periodic structures are of great interest because of their unique capability to interact with waves. Phononic crystals are periodic elastic structures designed to control the propagation of mechanical waves (Sigalas and Economou, 1992; Kushwaha et al., 1993; Sigalas et al., 2005; Maldovan and Thomas, 2006) and have exciting applications such as sound filters, acoustic wave guides and acoustic mirrors (Maldovan and Thomas, 2009; Qi et al., 2004; Cheng et al., 2006; Jang et al., 2009 Jang et al., , 2007 . The most fundamental property of phononic crystals is the existence of band gaps-a range in frequency where elastic waves propagation is barred. Thus incoming mechanical waves with frequencies within the band gap are totally reflected by the phononic crystal. Moreover, when a wave with frequency within a complete band gap is generated inside the structure, it is trapped near its source since its propagation is barred.
Phononic band gaps (PBGs) are caused by changes of the speed of sound in the crystal, so that their position and width strongly depend on the contrast in density and speed of sound of the constituent materials, the volume fraction of inclusions (Sainidou et al., 2002) , lattice spacing and topology (Gorishnyy et al., 2005) . The tunability of PBG is also of great interest, leading to the design of novel acoustic switches with properties that change upon the activation of an external stimulus. Interestingly, a recent study demonstrated that large deformation may be used to tune and transform the phononic band gaps of 2D soft periodic solids (Bertoldi and Boyce, 2008a,b) .
3D Polydimethylsiloxane (PDMS) structures with complex architecture have been successfully fabricated using interference lithography (Jang et al., 2006b; Yang et al., 2002; Campbell et al., 2000) . Moreover, Brillouin light scattering measurements have shown that a moderate (30%) tensile in-plane deformation alters the phononic band gaps due to the change of sample lattice parameter and symmetry (Jang et al., 2006a) . In this paper we explore through simulations the effect of large deformation of 3D periodic elastomeric structures on their phononic band gaps.
Modeling
Here we focus on the same 3D periodic elastomeric structure experimentally investigated by Jang et al. (Jang et al., 2006a,b; Wang et al., 2009) . The volume fraction of solid is $ 26% and the microstructure has three-fold symmetry along the two-axis, as shown in Fig. 1 . Both the non-linear response of the structure and the dispersion diagram are investigated using the non-linear finite element code ABAQUS. Therefore, after characterization of the material (Section 2.1) analysis of the behavior of the infinite periodic arrays involves the following three steps: identification of a spatially periodic representative volume element (RVE) (Section 2.2); definition of appropriate boundary conditions (Section 2.3); waves propagation analysis accounting for pre-stress (Section 2.4).
Governing equations and material behavior
The stress-strain behavior of the PDMS elastomeric matrix is captured using a nearly incompressible nonlinear Neo-Hookean hyperelastic model, thus enabling large deformation and distortion in the 3D periodic structure (Ogden, 1984) .
Let us consider a deformation described by the function v that maps a point x 0 in the reference configuration to its deformed position x ¼ vðx 0 ; tÞ in the current configuration. The associated deformation gradient will be denoted by F ¼ @x=@x 0 , while J identifies its determinant, J ¼ det F.
Using x 0 and t as independent variables, the equations of motion in absence of body forces are given by (Ogden, 1984) DivS
where S denotes the first Piola-Kirchoff stress tensor, q 0 the density in the reference configuration, D=Dt the material time derivative and Div the divergence operator in the reference configuration. If the body is at rest D 2 v=Dt 2 vanishes everywhere, so that Eq. (1) reduces to the static equilibrium equation
Here, we focus on an isotropic hyperelastic material whose strain energy density W can be expressed as a function of the invariants of the right Cauchy-Green tensor C ¼ F T F (or, alternatively, also the left Cauchy-Green tensor B ¼ FF T ),
where
I 1 being essentially a scalar equivalent stretch measure and I 3 the square of the volume ratio. The stress-strain behavior of PDMS is modeled using a Neo-Hookean model (Ogden, 1984) (modified to include compressibility with a high bulk modulus):
where l is the initial shear modulus and K is the bulk modulus. The
Cauchy stress, is given by
with corresponding first Piola-Kirchoff stress S found as
In this study we used l ¼ 0:8 MPa and K = 1 GPa, while the elastomer density is 1050 kg/m 3 .
Identification of a spatially periodic representative volume element
The non-linear response of the periodic structure is investigated using 3D micromechanical modeling (Wang et al., 2009; Jang et al., 2006b ). This technique uses the constituent material stress-strain behavior together with a periodic representative volume element (RVE) of the microstructure and captures the infinite periodic nature of the structure through periodic boundary conditions (Section 2.3). Any arbitrary macroscopic deformation gradient can be applied to the RVE and the analysis captures details of the underlying deformation mechanisms. For the considered structure the RVE comprises of a thicker vertical post (with a diameter of 500 nm and a length of 1100 nm) and six thinner obliquely oriented struts (with a diameter of 200 nm and a length of 320 nm) (see Fig. 1 ). The periodicity of the undeformed structure is 975 nm in the transverse plane (1-3 plane) and 1425 nm in the normal direction (2-direction) and it is fully characterized by the three lattice vectors a Fig. 1 . The RVE is discretized using 10-node hybrid tetrahedron elements (C3D10H in ABAQUS/ Standard element library, Providence, RI).
Boundary conditions
To subject an RVE to a macroscopic deformation gradient periodic boundary conditions are imposed on all cell boundaries such that
where A and B are two points periodically located on the RVE boundary. In Eq. (9), H ¼ 1=X R X HdV ¼ F À I denotes the macroscopically applied displacement gradient and u ¼ xðx 0 Þ À x 0 denotes the displacement at x 0 . The macroscopic deformation is imposed by prescribing the nine components of H, which are viewed as generalized degrees of freedom operationally applied using a set of virtual nodes. The macroscopic first Piola-Kirchoff stress tensor and the corresponding macroscopic Cauchy stress tensor are then extracted through virtual work considerations (Danielsson et al., 2002) . Rigid body motion is prevented by constraining the displacements of a single point. In this study each RVE is subjected to macroscopic uniaxial tension applied along directions 1 and 2; uniaxial tension applied along direction 1 yields
where by H 11 ¼ k À 1 is imposed (k is referred to as ''load parameter'') and H 22 and H 33 are not prescribed and determined by the condition S 22 ¼ S 33 ¼ 0. Similarly for uniaxial tension applied along direction 2 H is given by
where H 11 and H 33 are not prescribed and determined by the condition S 11 ¼ S 33 ¼ 0.
Waves propagation
Let us consider a perturbation superimposed upon a given state of finite deformation that takes the body to a new equilibrium configuration where Eq. (1) are still satisfied. This incremental problem is governed by
Assuming that all incremental quantities are sufficiently small, the constitutive Eq. (8) can be linearized as 
where _ F ¼ @ _ x=@x 0 . For an incremental wave motion characterized by a frequency of vibration x
the stress is also complex valued
Substitution of Eqs. (14) and (15) into Eq. (12) yields
To investigate the effect of deformation on the PBGs, the propagation of elastic waves through the 3D structure is analyzed at different levels of macroscopic strain. The band structure is calculated conducting a Bloch-wave analysis within the finite-element framework (Bertoldi and Boyce, 2008a; Bertoldi and Boyce, 2008b) . In order to work with the complex-valued displacements of the Bloch-wave calculation within the confines of ABAQUS, all fields w are split into real and imaginary parts
In this way the incremental equations of motion (16) split into two sets of uncoupled equations for the real and imaginary parts,
Then the problem is solved using two identical finite-element meshes for the RVE -one for the real part and one for the imaginary part -and coupling them by Bloch-type displacement boundary conditions (Kittel, 1986) 
r 0 being a vector that defines the distance in the reference configuration between two periodically located nodes. After finite element discretization of Eq. (18) and application of the incremental boundary displacements (19) the eigenfrequencies x can be computed for any wave vector K 0 and for any level of finite deformation defined by F (Bertoldi and Boyce, 2008a,b) .
Results

Non-linear response
In this study macroscopic uniaxial tension applied along direction 1 and 2 is considered. Results for the macroscopic nominal stress vs nominal strain ( ¼ k À 1) behavior up to a tensile strain of 1.0 are shown in Fig. 2a . The initial Young's modulus of the structure is 46 kPa and 265 kPa for tensile loading in direction 1 and 2, respectively. Local features of deformation are shown in the contours of von Mises stress at different level of deformation reported in Fig. 2b . The snapshots clearly show that the deformation is mostly accommodated by the diagonal struts. When uniaxial tension is applied along direction 1, the diagonal struts simultaneously stretch and rotate. In the case of uniaxial tension in direction 2 all struts are highly stretched and transfer the load to the vertical post, providing higher stiffness. Interestingly elasto-plastic structures characterized by the same architecture show a different deformation mechanism, where deformation spreads to the thick posts after yielding (Wang et al., 2009) .
It is clear from the snapshots (Fig. 2b) that the deformation largely changes both the sample lattice parameter and the symmetry of the periodic structure, thus providing a mechanism to alter the PBGs of the structure. Fig. 3(a) and (b) report the evolution of the magnitude of the two lattice vectors a and b and the in-plane interaxial angle c as a function of the applied deformation. When the structure is stretched, the lattice vector along the loading direction elongates and the lattice vector in the transverse direction contracts, thus changing the periodicity of the structure. Furthermore, when the structure is stretched along direction 1 (in the 1-3 plane), the increase of the in-plane angle c indicates the breaking of the structural in-plane symmetry. Differently, when the structure is stretched along direction 2, the in-plane angle remain constant and the in-plane symmetry is preserved.
Waves propagation
We start by investigating the complete three-dimensional PGBs of the phononic crystal surrounded by vacuum. Hence we look for ranges in frequency where the propagation of both longitudinal and transverse elastic waves through the structure is not allowed irrespectively of their propagation direction in three dimensions. The evolution of the complete three-dimensional PGBs as a function of the applied deformation is reported in Fig. 4 (a) and (b) for uniaxial tension applied along direction 1 and 2, respectively. In the undeformed configuration the periodic structure possesses a complete band gap forx ¼ xa 0 =ð2pc t0 Þ ¼ 1:25 À 1:28, where a 0 ¼ 975 nm is the lattice constant in the 1-3 plane for the undeformed structure and c t0 ¼ 27:6 m/s is the transverse speed of sound in the undeformed elastomeric material (c l0 ¼ 976:7 m/s is the longitudinal speed of sound). Therefore elastic waves with frequency f ¼ x=ð2pÞ in the range, 3:53 À 3:62 Á 10 7 Hz are not allowed to propagate within the undeformed 3D structure. For both loading cases the complete band gap is observed to reduce progressively its width with deformation up to closure occurring at ¼ 0:5 and 0.9 for uniaxial tension in direction 1 and direction 2, respectively. The evolution of PGBs for waves with propagation limited to the 1-3 plane perpendicular to the thick post (K 0 ¼ ½ K 01 0 K 03 ) is presented in Fig. 4(c) and (d) . In this case the undeformed structure is characterized by two separate in-plane PBGs for x ¼ ½1:13 À 1:15; 1:23 À 1:29. For uniaxial tension along direction 1 (see Fig. 4(c) ) only the second band gap is observed to close at ¼ 0:9, while the fist band gap is marginally affected by deformation. Moreover a new band gapx ¼ 0:39 À 0:41 is formed when 0:3 < < 0:9. For uniaxial tension along direction 2 (see Fig. 4(d) ) both the PGBs existing in the undeformed configuration are observed to close at ¼ 0:9, while during loading three new PBGs centered atx ¼ ½0:33; 0:72; 0:80 open at ¼ 0:3; 0:5, and 0.7, respectively. These results are consistent with Brillouin light scattering measurements that have shown a shift in the band diagram for 30% applied in-plane tensile strain (Jang et al., 2006a) . Finally we note that all the gaps observed in the structure investigated here are Bragg gaps (Jang et al., 2006a) .
Conclusions
In conclusion, the Finite Element Method has been used to calculate the band structure of periodic three-dimensional structures at different levels of deformation and the proposed approach fully accounts for the effect of nonlinear deformation on the propagation of elastic waves. The method is extremely flexible and can be applied to the analysis of 3D periodic structures of arbitrary geometry and constituent material and subjected to any loading condition. The numerical analyses show that large deformation has a strong effect on the band structure of 3D periodic elastomeric structures and indicate the exciting possibility of using non-linear deformation to tune reversibly the PBGs of elastomeric phononic crystals.
Here, motivated by a recent experimental study (Jang et al., 2006a) , we considered a structure characterized by $26% volume fraction of solid and investigate the evolution of the band-gaps as a function of the applied deformation. Obviously a different choice of filling fraction would lead to PBGs with different location and width in the undeformed configuration. However, also in this case we would be able to use deformation to tune their width and location.
Finally, although in this study the stress-strain behavior of the elastomeric matrix is captured using a nearly incompressible Neo-Hookean hyperelastic model, the effect of stiffening in the material response on the PBGs could be easily included in the analysis. The stiffening effect is expected to strongly influence the band gaps of the periodic structure with deformation, since the privileged directions induced inside the elastomeric material by the deformation play an important role (Bertoldi and Boyce, 2008b) .
